A Kaluza-Klein decomposition of higher dimensional gravity is performed in the flexible brane world scenario and the properties of the extra vectors resulting from this decomposition are explored. These vectors become massive due to a gravitational Higgs mechanism in which the brane oscillation Nambu-Goldstone bosons become the longitudinal component of the vector fields. The vector mass is found to be proportional to the exponential of the vacuum expectation value of the radion (dilaton) field and as such its magnitude is model dependent. Using the structure of the embedding geometry, the couplings of these vectors to the Standard Model, including those resulting from the extrinsic curvature, are deduced. As an example, we show that for 5D space-time the geometry of the bulk-brane world, either intrinsic or extrinsic, only depends on the extra vector and the 4D graviton. The connection between the embedding geometry and coset construction by non-linear realization is also presented.
Introduction
If our world is a four dimensional brane floating in a higher dimensional space-time, an important physical consequence is that the brane can fluctuate into the extra dimension(s). As such, some higher dimensional symmetries, such as translation(s) along the extra dimension(s), will be spontaneously broken [1] and there will appear the corresponding NambuGoldstone bosons. In the flexible brane limit where the scale that sets the brane tension, F X , is much smaller than the D-dimensional Planck scale, M D , the Kaluza-Klein modes of higher dimensional gravity decouple from the Standard Model particles. When the broken higher dimensional symmetries are realized locally, a gravitational Higgs mechanism ensues and these Nambu-Goldstone modes become the longitudinal components of massive vector fields [1, 2] . The phenomenology of these (brane) vector fields has recently been considered [3] and contrasted with that resulting from including only the longitudinal (branon) modes [4] - [5] .
Within a Kaluza-Klein formalism [6] , these extra vectors originate from the off diagonal components of the higher dimensional metric. Using this decomposition, it will be established that the vector mass depends exponentially on the vacuum expectation value of the radion (dilaton) field which is the scalar component in this decomposition. As such the value of the vector mass is model dependent. In particular, it could be in the TeV range and thus may be accessible to the LHC. The coupling of these vectors to the Standard Model and to gravity can be obtained either via the method of nonlinear realizations of the spontaneously broken symmetries of higher dimensional space-time, or by the embedding geometry of the bulk-brane world. This paper addresses the latter approach.
Section 2 provides a decomposition of higher dimensional gravity as in Kaluza-Klein theories resulting in an expression for the brane vector's mass. The embedding frames and the embedding conditions are introduced in section 3 along with their integrability conditions which are described by Gauss-Weingarten equations and Gauss-Coddazi-Ricci equations respectively. It is then shown how the intrinsic and extrinsic geometry depend on the graviton and the brane vectors. In section 4, the connections between the embedding geometry and non-linear realization method is established. Finally, conclusions are presented in section 5.
Decomposition of Metric and Brane Vectors
The Kaluza-Klein formalism [6] provides the decomposition of the gravitational metric in d > 4 dimensions into its various spin components in d = 4. In general, the d = 4 fields will consist of the spin-2 graviton, spin-1 vector fields and scalar (radion or dilaton) degrees of freedom. Traditionally, most applications of this formalism have attempted to unify gravity with the Standard Model and as such have identified the vector fields with the gauge bosons of the Standard Model. However, this does not have to be the case and the vectors could correspond to novel degrees of freedom. In this paper, they are identified with the vectors which emerge in flexible brane world models as a consequence of the spontaneous breaking of local space translation symmetries. We begin by considering the zero modes of the 5D Kaluza-Klein metric tensor
Compactified on a circle with radius r, the 4D effective action is [6] 
where F µν = ∂ µ A ν − ∂ ν A µ and κ 5 , κ are the 5D and 4D gravitational constants respectively which are related via κ 2 5 = 2πrκ 2 . The indices are raised by g µν which is the inverse of g µν . The presence of a 3-brane in the 5D bulk breaks the extra 5D translation and Lorentz symmetry spontaneously. The position of the brane is provided by the embedding function
) with x µ the coordinates on the brane. The brane action is of the Nambu-Goto form built from the induced metric tensor [7] 
We employ the static gauge defined by
. The Nambu-Goldstone boson φ describes the brane fluctuation for a 5D space-time with non-dynamical gravity. When we consider a curved 5D space-time with dynamical gravity as (1) and compactify the 5D theory on a circle, an extra vector field appears in the induced metric h µν after the field φ is absorbed as the longitudinal component by A µ [1] - [5] . Defining X µ ≡ A µ + ∂ µ φ, the induced metric can be written as
Note that the field strength is
and hence the kinetic term of A µ simply becomes the kinetic term of X µ . The global limit is restored by taking
Plugging the induced metric (4) into the brane action (3) yields
To canonically normalize the Maxwell term in eq. (2), we rescaled the vector field as X µ = κ 2 ρX µ , while the dilaton kinetic term in eq. (2) is put into canonical form after the redefinition, ρ = e ∓σ . So doing, the resulting vector mass is then gleaned as
If one takes < ρ >= 1, i.e. < σ >= 0, the mass ofX µ is found to be m 2X ∼ κ 2 F 4 X . For F X ∼ T eV , this mass is very small [4, 5] . However, in general, the size of the dilaton vacuum value is model dependent and consequently so is the vector mass. Thus the "scaling factor", may exponentially increase or suppress the mass of the vector depending on the form of the metric tensor in the extra dimensional space-time.
Now consider the more general case where there are N > 1 co-dimensions. The 3-brane is embedded in a (4+N) -dimensional bulk space-time with topology M 4 ×B and coordinates
, where the co-volume B is a compact manifold with an isometry. The (4 + N) dimensional metric is
where N(N − 1) Killing vectors. The 4-dimensional brane breaks all the isometries except the ones that belong to the stability group. More precisely, we denote ξ α = (ξ i , ξ a ) and there are N Killing vectors ξ i , i = 1, 2, ..., N which correspond to N broken translations due to the existence of the brane, i.e. ξ i = ∂ i and 1 2 N(N − 1) Killing vectors ξ a , a = 1, 2, ..., 1 2 N(N − 1), which correspond to 1 2 N(N − 1) unbroken generators. These Killing vectors ξ a may form an SO(N) Lie algebra as the cases considered in [2] , i.e.
). Since [6, 8] 
where the scalar term L scalar can be calculated from ref. [8] . The 4D effective action is
where we have used that
HereL scalar is obtained from L scalar by integrating over the extra dimensions. The brane action has the Nambu-Goto form
where
Analogously to the 5D case, we rescale the metric,
, the vector field, X µ = κ 2 ρX µ and scalar field ρ =ρ 2 N+2 so that the higher dimensional metric (8) takes the form
With these rescalings the Einstein-Hilbert and Yang-Mills terms in the 4D effective action (10) assume their canonical form. As in 5D case, we takeρ = e ∓<σ> and the brane action becomes
from which we extract the vector mass term e
iµ . Thus for any extra dimensional space-time, there can be an exponential enhancement (or suppression) for the vectors masses. Note that this exponential factor is reminiscent of that employed by the Randall-Sundrum model [9] in relating the weak scale to the Planck scale. The fact that the vacuum expectation value (vev) of the dilaton can control various coupling constants is well known in string theory where the vacuum expectation value of the dilaton is related to the string coupling.
When the 4D effective theory is constructed using the method of non-linear realizations [2] , the vector kinetic terms and mass terms arise as completely independent invariant Lagrangian monomials with the mass parameters arbitrary. Consequently, we treat the masses of these vectors as free parameters to be constrained by experiment. The couplings of these massive vectors to gravity and the Standard Model fields will be addressed in the next section by applying the embedding geometry and deriving the Einstein equation on the brane. Included in these interactions will be derivative couplings of X µ to the Standard Model fields which are related to the extrinsic curvature of the brane.
Since the covariant differentiation ∇ M is torsion free, the extrinsic curvature is symmetric [16] ,
Further note that the twist potential vanishes in the case of co-dimension one, N = 1. Using the Gauss-Weingarten equations, it is straightforward to deduce their integrability conditions, the Gauss-Codazzi-Ricci equations [10] - [16] , which relate the higher dimensional Riemannian curvature tensor to the lower dimensional induced one, plus the extrinsic curvature and the twist potential aŝ
These are the basic ingredients of the embedding geometry and now we apply them to the study of brane vectors. For simplicity, we consider a 5-dimensional space-time so the bulkbrane world has co-dimension one and the twist potential B ij µ vanishes. In this case, we can remove all the i, j indices and set B ij µ = 0 in the embedding condition (16) , the GaussWeingarten equations (17) and the expression of K µν in (18) . The last equation of (19) becomes trivial and the first two equations are also simplified yielding,
Using the 5D Einstein equationR M N − 1 2
5T M N whereT M N is the 5D stress energy tensor of matter sources and following [10] , the Einstein equations on the brane take the form
withĈ KLM N the 5D Weyl tensor. We first address the case where the 5D space-time is flat, 8 and work in static gauge defined as
It follows that the only physical degree of freedom is the Nambu-Goldstone boson, φ, which describes the fluctuation of the brane. Equations (22) are consistency equations for φ and its derivatives. Since the extra dimensional translation is spontaneously broken, the dynamics of the Nambu-Goldstone field φ can be secured using the conservation of the broken symmetry current ∂ µT µ5 = F 2 φ ∂ 2 φ+... = 0. Alternatively, the field equation follows from a minimization the trace of extrinsic curvature as shown in [13] . This is equivalent to the p-brane equations of motion which one obtains from the Nambu-Goto action. It corresponds geometrically to the minimal volume obtained from the embedding of the corresponding world volume into higher dimensional space-time. In this case, if the brane is the only matter source in 5D spacetime, then the vanishing condition of the trace of the extrinsic curvature K = h µν K µν = 0 leads to
which is recognized as the same equation of motion of φ as that obtained from the NambuGoto action [7, 13] . Also the extrinsic curvature can be related to the rigidity of strings or branes [17] . In general it is difficult to solve these equations and, moreover, the form of the stress energy tensorT M N must be specified. However, the equations for φ can be converted to an action which includes the leading couplings like ∂ µ φ ∂ ν φ T µν SM plus other higher order derivative terms.
Brane vector and its couplings
Next consider a curved 5D space-time with the general Kaluza-Klein metric of eq. (1). The Gauss-Coddazi equations and the induced Einstein equation now become more complicated producing a set of differential equations for the spin-2 (4D graviton g µν ), spin-1 (4D vector A µ ) and spin-0 (4D dilaton ρ). As discussed in refs. [1, 4, 5] , the Higgs mechanism is operational. Naively, one simply replaces ∂ µ φ → ∂ µ φ + A µ → X µ in eq. (22). Some care is required, however, since ∂ µ ∂ ν φ has the ambiguity of being replaced by either ∂ µ X ν or ∂ ν X µ . Moreover, there are also terms dependent on the field strength F µν . To resolve any ambiguity, one must figure out the relation between n µ and X µ . To do so, the 5D Kaluza-Klein metric (1) is used to calculate the Christoffel connections and extrinsic curvature which are shown to depend only on X µ and g µν .
Consider the transformation laws of the various fields. A bulk vector field V M transforms under a general coordinate transformation as
As in the usual 5D Kaluza-Klein theories, we take ǫ µ = 0, and ǫ 5 = ǫ(x). This corresponds to a particular 5D general coordinate transformation (or a gauge transformation for A µ )
so that φ(x) = Y 5 (x). In addition, the zero mode fields
It is easy to see that
and g µν are all invariant under the transformation (27). From eq. (4), it follows that the induced metric h µν = ρ − 1 3 (g µν + ρX µ X ν ) and all intrinsic geometric quantities on the brane, such as the Christoffel connection, Riemannian tensor, Ricci tensor and Ricci scalar are invariant as well. The normal vector and the extrinsic curvature can then be computed.
In Section 2, we discussed the role that ρ plays in modifying the mass of brane vectors. Here, to simplify the calculation, we set ρ = κ = 1 and decompose the 5D metric as
with S = δ τ ν 0 A ν 1 andĜ = g ρτ 0 0 1 . The matrix S when acting on a bulk vector shifts only the fifth component so that, for example,
This provides an invariant form under the transformation (27) provided one takes
The embedding conditions can be written in this "shifted" frame as
which can be readily solved yieldinĝ
where 
To compute the left hand side, we use the 5D metric G M N to compute the connections
Now Γ τ µν and K µν are computed as
The Christoffel connection Γ τ µν coincides with the result computed directly from the induced metric. When taking the flat 5D space-time limit, the extrinsic curvature K µν reduces to the previously obtained result (24). This expression is a generalization of the so-called ADM formulation of gravity [18] . Since we did not include the higher Kaluza-Klein modes, a term like ∂ y g µν vanishes in K µν . Note that besides g µν , the only other field dependence in the induced metric, intrinsic curvature, extrinsic curvature etc. occurs through the combination X µ = A µ + ∂ µ φ. Moreover, as noted previously, the Maxwell term F µν F µν for A µ , which was obtained from the decomposition of 5D Einstein-Hilbert term R (5) , does not change when replacing A µ by X µ sô
On the other hand, one can derive a different decomposition ofR (5) using eq. (21) aŝ
where TrK 2 = K µν K µν , TrK = K µν h µν and h µν = g µν + X µ X ν (Note that R (4) (h) is calculated from the induced metric h µν ). Integrating and noting that we only include the zero modes, one obtains
which is a simple relation among the scalar curvature R (4) , the extrinsic curvature terms TrK 2 , (TrK) 2 and the Maxwell term F 2 . It is easy to check this identity at the order of O(X 2 ) and this provides an alternative way to build the Maxwell term, which will be discussed from the point of view of a 4D non-linear realization in the next section.
The expression for the normal vector can be used to extract the couplings of X µ to gravity and the Standard Model. Notice that the right hand side of the first equation in (22) contains the termT M N n M n N h µν . Since bothT M N and n M do not contain h µν explicitly, this term in the Einstein equation must correspond to an action term
where we assume that the stress-energy tensor of the Standard model T
SM µν
is included in T M N as in ref. [10] and the ellipsis represents other components of theT M N term. Using the form forn µ (c.f. eq. (33))
Plugging into (41) and expanding in the power series of X µ , one readily extracts the lowest order couplings of X µ to the Standard Model as i.e.
This is the non-derivative coupling of brane vector X µ to the Standard Model fields. Next consider the derivative couplings to the Standard Model. The X µ field strength
and (c.f. eq. (37))
contain the anti-symmetric and symmetric pieces of ∂ µ X ν respectively. Since both F µν and K µν are invariant under the transformation (27), so is their product
Notice that the first term of last line of (46) is anti-symmetric in µ, ν while the second term is symmetric. Since X µ is a singlet under the Standard Model gauge group, the above combination couples invariantly to the SU(3) × SU(2) × U(1) singlet antisymmetric hypercharge field strength B µν and its dualB µν as
Here κ 1 , κ 2 are dimensionless parameters. This interaction has the same dimension as the X µ X ν T µν terms. In addition, X µ has invariant couplings to the Standard Model scalar doublet bilinear, ϕ † ϕ, which can contribute to the decay rate of the Standard Model Higgs boson [3] . Combining terms (and taking the g µν = η µν limit ) yields the effective action
. (48) The phenomenology based on the effective action (48) has been studied in ref. [3] . For N ≥ 2 isotropic codimensions, there is an SO(N) symmetry associated with the isometry of the co-dimensional space. Under this symmetry, the X µ i vectors transform non-trivially while all Standard Model fields are SO(N) singlets. As such, invariant couplings of the X µ i vectors must occur in pairs and the vectors are stable. For the N = 1 case, the stability is insured provided there is a discrete reflection symmetry in the extra dimension under which the vector is odd, X µ −→ −X µ .
Connection to Coset Method
In the last two sections, we deduced the couplings of the brane vectors from the bulk-brane world point of view using the embedding geometry. So doing, we constructed a four dimensional effective action detailing their interactions with gravity and matter fields. The non-linear realization, or coset, method, provides another approach to four dimensional effective theories. Previously, the relation between the embedding geometry and the coset method has been considered [4, 12, 13, 15] for the case of embedding a hypersurface into a flat higher dimensional space-time. Here we consider the properties of a (p + 1)-dimensional hypersurface embedded into a curved D-dimensional space-time with dynamical gravity. In fact, since the brane vectors arise from the off-diagonal components of the higher dimensional metric, their presence requires that the higher dimensional space-time be curved. Previously [2] we showed how to generalize the coset formulation in order to include the gravitational fields. In this section, we examine the connection between the two formalisms.
Embedding Geometry in Moving Frames
Thus far, we have employed the coordinate bases
to describe the embedding geometry. However, in order to make connection with the coset approach and construct the Maurer-Cartan forms, we need Lie algebra valued matrices. To achieve this correspondence, the embedding conditions can be recast [1, 4, 12, 13, 15] as
where E A M is the higher dimensional vielbein and
M is not the induced vielbein on the brane and one has to perform a Lorentz rotation U B A to ensure that the induced vielbein and the induced metric satisfy h µν = e a µ e b ν η ab [1, 4] . First we briefly review the properties of the U B A matrices, which have been discussed in detail in [4, 12, 13] . By definition, they satisfy
which are invariant under the independent left and right
Equations (49) Next we build connections between these two frames (actually the connections among the coordinate basis, non-coordinate basis induced on the brane and the bulk geometry ). The first equation of (49) shows how e a µ is related to
then the second equation of (49) is just the orthogonality condition n
which is the normalization condition of vectors n i . This shows that our definition for n i satisfies both orthogonality and normalization conditions for normal vectors. Note, however, that n i is fixed only up to an SO(N) rotation. The relations can be summarized as
Also recall the coordinate basis used in the previous sectioñ
Now we write the Gauss-Weingarten equations in the non-coordinate basis, with new coefficients ω c ab , K i ab and B ij b to be determined, as
After some straightforward, albeit lengthy, calculation, we find the Gauss-Coddazi-Ricci equations in the non-coordinate basis are given bŷ 
Using equations (53), the components of eq. (55) can be written in terms of the U matrices as∇
Here Ω A BC is the higher dimensional spin connection. From equation (50), we obtain the expressions for the extrinsic curvature, spin connection and twist potential respectively as
One may recognize the U −1∇ U pattern in the above equations and consider them as the components of a covariant Cartan form (This will be shown manifestly in the next section through the coset approach)
with the one-forms K 
Note the last equation in (61) is just the usual relation between spin connection and Christoffel symbol. As mentioned earlier, the coset manifold of
is parametrized by the
where M ai are the broken Lorentz generators. Following [4] one obtains M , though in general it is difficult to solve these constraints. Here we only need the explicit expression for the induced vielbein e a µ ( for calculation details see [4] )
Taking the Kaluza-Klein vielbein as (indices with bars are the co-volume world ones)
yields the induced vielbein on the brane
which depends only on E a λ and
Therefore one can start with the embedding frame (coordinate basis) and compute K i µν , B ij µ in that frame and then use the induced vielbein to convert them to the ones in the non-coordinate frame, and finally obtain the covariant Cartan forms which may be used to build an invariant effective action in 4D space-time.
Connecting with the Coset Approach
Previously, we presented [2] a detailed construction of the X vector coupling to gravity and the Standard Model using coset methods. In that case, a p-brane is embedded in D dimensional space-time resulting in the spontaneous breakdown of the symmetry group from
, the broken Lorentz generators M ai , the broken translation generator P i and the unbroken translation generators P a . The coset element is taken to be
A connection term which includes gravitational fields is then added to the Maurer-Cartan form so that
transforms analogously to the way it did in the global case
with the stability group element h(x) ∈ SO(1, p) × SO(N).
To ascertain the meaning of the embedding condition in the coset method, consider the general one form
with
is the shifted vielbein [2] . The above one form has been decomposed according to the generators of SO(1, D − 1), i.e. the first term of the last line in (70) takes values on P A , the second and third terms take values on M BC . Now consider the embedding of the brane whose position is described by the embedding function
as before. Notice that the first term can be written as
where L v BC M BC , from the outset. Consequently G = e iY A P A e iv ai M ai is exactly the coset element in (66), which after taking the static gauge, i.e. Y a = x a , Y i = φ i , takes the form
while G −1 (d + iÊ)G becomes the covariant Maurer-Cartan one form. As in the flat background case of higher dimensional space-time [12, 15] , it follows using the Poincare algebra ISO(1, D − 1) commutators that (70) is then computed as 
with∇ a = U A a (E A + Ω A ) (c.f. below equation (58)). Here the embedding condition has been used in obtaining the last identity. Writing ω = 
is secured. Thus, using the embedding condition (49), it is established that the covariant Maurer-Cartan 1-form components, the induced vielbein, the induced spin connection, the extrinsic curvature and the twist potential, all have geometrical meanings. The coset approach and the embedding geometry construction yield identical results. As an example, consider the 5D space-time case where the twist potential vanishes, B 
